Flexure hinges have been used to produce frictionless and backlashless transmissions in a variety of precision mechanisms. Although there are many types of flexure hinges available, designers often chose a single type of flexure hinge (e.g., circular flexure hinges) without considering others in the design of flexure-based mechanisms. This is because the analytical equations are unique to each kind of flexure hinge. This work offers a solution to this problem in the form of a generalized flexure hinge model. We propose a new class of flexure hinges, namely, elliptical-arc-fillet flexure hinges, which brings elliptical arc, circular-arc-fillet, elliptical-fillet, elliptical, circular, circular-fillet, and right-circular flexure hinges together under one set of equations. The closed-form equations for all the elements in the compliance and precision matrices of elliptical-arc-fillet flexure hinges have been derived. The analytical results are within 10 percent error compared to the finite element results and within 8 percent error compared to the experimental results. The equations for evaluating the strain energy and stress level for elliptical-arc-fillet flexure hinges are also provided. This model can be used as a complementary model for the generalized model for conic flexure hinges.
Introduction
Compliant mechanisms [1] achieve their motion out of deflection of flexible members. The advantages of such mechanisms include the elimination of friction, backlash and assembly, reduction in manufacturing cost, and increased precision. Flexure-based compliant mechanisms, which are utilizing flexure hinges as their flexible members, find wide use in a variety of applications where high precision is required within relatively small workspaces.
Flexure hinges of various cutout profiles have been proposed and studied in the previous work. Paros and Weisbord [2] introduced circular flexure hinges and provided compliance equations for them. Zettl et al. [3] studied the finite element modeling of right-circular flexure hinges. Xu and King [4] presented elliptical and corner-filleted flexure hinges, and evaluated their performance using the finite element method. Smith et al. [5] derived the closed-form compliance equations for elliptical flexure hinges by following the analysis of Paros and Weisbord [2] . Lobontiu et al. [6] developed the equations for corner-filleted flexure hinges using the Castigliano's second theorem. Chen et al. [7] proposed elliptical arc flexure hinges, which extend the design domain of elliptical hinges, and derived corresponding closed-form compliance equations. Lobontiu et al. [8] proposed two new configurations, namely, parabolic and hyperbolic flexure hinges, and presented closed-form design equations for them.
On the other hand, much work has been done on developing and optimizing flexure-based mechanisms [9] [10] [11] [12] [13] [14] [15] [16] . Although there are many types of flexure hinges (and corresponding design equations) available, the designers only chose a single type of flexure hinge (e.g., circular flexure hinges) without considering others in the design of these mechanisms. The reason for this is that, the designers have to consider alternate types independently if multiple types of flexure hinges were chosen for design in that the analytical equations are unique to each kind of flexure hinge [17] . This situation impedes designers from finding the most suitable hinge designs and achieving the optimal mechanical performance for their mechanisms. Therefore, it would be beneficial to develop a generalized model that encompasses multiple types of flexure hinges. Some work has been done to find such a model. Vallance et al. [17] presented a general geometric model for conic flexure hinges using quadratic rational Bézier curves, which is suitable for automating the finite element modeling process. The elliptical arc flexure hinges proposed by Chen et al. [7] can be used as a generalized model for circular, right-circular, and elliptical flexure hinges. Furthermore, Chen et al. [18] proposed a generalized model for conic flexure hinges (including elliptical arc, parabolic and hyperbolic flexure hinges) and provided the closed-form solutions by utilizing the generalized equation of conic curves in polar coordinates.
This work presents a new class of flexure hinges, namely, elliptical-arc-fillet flexure hinges, in attempting to establish a more generalized flexure model, as well as to extend the design domain of flexure hinges. As shown in Fig. 1 , an elliptical-arc-fillet flexure hinge is a corner-filleted hinge with fillets of elliptical-arc [ Fig. 2(a) ] instead of quarter-circle [ Fig. 2(g) ]. In Figs. 2 and 3 , the relationship between different types of flexure hinges is illustrated. Elliptical arc hinges, circular-arc-fillet hinges, and elliptical-fillet hinges can be treated as subclasses of elliptical-arc-fillet hinges, elliptical hinges and circular hinges as subclasses of elliptical arc hinges, circular hinges and circular-fillet hinges as subclasses of circular-arc-fillet hinges, elliptical hinges and circular-fillet hinges as subclasses of elliptical-fillet hinges, and rightcircular hinges as a subclasses of elliptical hinges, circular hinges, or circular-fillet hinges. All the closed-form compliance and precision equations for elliptical-arc-fillet flexure hinges are derived. These equations also apply to all the hinge types shown in Fig. 2 , allowing users to design or optimize hinge configurations conveniently. It should be noted that this model can be used as a complementary model for the generalized model of conic flexure hinges [18] , both in the coverage of hinge types and in the performances such as compliance, motion precision, and stress concentration.
The rest of this paper is organized as follows: In Sec. 2, the geometric parameters of elliptical-arc-fillet flexure hinges are described. Section 3 presents the closed-form equations of the compliance factors for elliptical-arc-fillet hinges. The equations Fig. 1 Diagram of an elliptical-arc-fillet flexure hinge. For clarity, the center of the flexure hinge, i.e., point "Q" is drawn on the outer profile. Transactions of the ASME for evaluating the strain energy are also included in this section. In Sec. 4, the closed-form equations for the precision factors are derived in detail. Section 5 presents the closed-form equations for the six integrals used in the compliance and precision equations. In Sec. 6, reduced-order equations for evaluating the stress levels of elliptical-arc-fillet flexure hinges subject to pure bending are provided. The compliance and precision equations are verified using both the finite element method and experimentation in Sec. 7. And last in Sec. 8 concluding remarks are included.
2 The Cutout Profile of Elliptical-Arc-Fillet Flexure Hinges
As shown in Figs. 2-4 , the cutout profile of an elliptical-arc-fillet hinge can be determined by the cutout length L ¼ l þ 2c, and the semiaxes (a and b), and the maximum eccentric angle / m (see Ref. [7] for detail) of the elliptical arc fillets, where
Slice the cutout region of the profile into thin vertical infinitesimal strips. The height of the infinitesimal strip dx at position x can be expressed as
Equation (2) can be rewritten as
where / is the eccentric angle of the elliptical arc fillets, and
Differentiation of Eq. (4) yields
Supposing s ¼ b=t and substituting it into Eq. (3), the strip height at position / (for / 2 ½À/ m ; 0 and / 2 ½0; / m ) can be expressed as
3 The Compliance Equations for Elliptical-Arc-Fillet Flexure Hinges
Because the minimum thickness t of a flexure hinge is always designed to be much smaller than the cutout length L, it is reasonable to treat it as a 6 degree-of-freedom fixed-free beam and model it using the Euler-Bernoulli beam theory. It is assumed that a hinge is subject to bending, axial loading, shearing, and torsion, as shown in Fig. 1 . By defining the force vector as
and the corresponding deformations as
the following relationship is obtained:
where C h is the compliance matrix of the hinge, which is given by
Each element in the compliance matrix is called a compliance factor. Because C h is a symmetric matrix, we have
The closed-form equation for each compliance factor is presented in Sec. 3.1, which is derived based on the Euler-Bernoulli beam theory and similar derivations can be found in Ref. [7] .
Closed-Form Equations for Compliance
Factors. The closed-form equations for the compliance factors are given as follows and their derivations follow the same techniques used in Ref. [7] . where N i ði ¼ 1; 2; …; 6Þ are integrals defined in Sec. 5, E is the elastic modulus of the material, and G and k are the shearing modulus and shearing coefficient of the material, respectively. For a beam of rectangular cross-section, k is given by [19] 
where is Poisson's ratio and is given as
In Eq. (16), term f(z 0 ) is a compensation function for the torsion equation [20] and given as
where z 0 ¼ w=t.
It should be noted that these equations converge to the equations derived in Ref. [7] as l approaches 0 (the hinge becomes an elliptic arc hinge) except Eq. (16).
Strain Energy.
It is often important to calculate the strain energy stored in a deformed hinge so as to evaluate the efficiency of the actuator employed in a flexure mechanism. For a given force vector, the strain energy stored in a deformed hinge can be calculated as
while for a given deformation vector, the strain energy is calculated as
where C
À1
h is also known as the stiffness matrix of the hinge and can be denoted as
In Sec. 4, the closed-form equations for the precision factors of elliptical-arc-fillet flexure hinges are derived in detail. These equations are useful where motion accuracy is of a significant concern.
Precision Equations for Elliptical-Arc-Fillet Flexure Hinges
In flexure-based mechanisms, each flexure hinge can be treated as a small-length flexural pivot, which is modeled as a pin joint (called the characteristic pivot) connecting rigid links. The characteristic pivot is located at the center of the undeflected flexure hinge [1] and serves as the center of rotation. When the hinge is deflected, the center of the flexure hinge, i.e., point "Q" (For clarity, point "Q" is drawn on the outer profile of the hinge in Fig.  1.) deviates from the characteristic pivot and induces parasitic error motion. Therefore, the offset of point "Q" is often used to characterize the transmission precision of a flexure hinge [6] . By defining the offset of "Q" as
where e x , e y , and e z are the components of the offset, we can find a matrix that relates it to the force vector,
where P h is the precision matrix of the hinge and is given as
Each element in the precision matrix is called a precision factor. Precision factors define the easiness of the hinge center deviating from the characteristic pivot. A hinge with smaller precision factors produces less parasitic motion when subject to the same load and is thus more accurate.
Precision Factor
Along the x Axis. Tension load F x can result in offset e x of "Q" along the x axis,
The corresponding precision factor along the x axis is
4.2 Precision Factor Along the y Axis. Both M z and F y may cause offset of "Q" along the y axis (e y ). According to the beam theory, e y caused by M z can be expressed as
thus the corresponding precision factor is
4.3 Precision Factor Along the z Axis. Similar to e y , both M y and F z may produce offset e z of "Q." e z produced by M z is given by
and the corresponding precision factor is
e z caused by force F z can be expressed as
Thus, the precision factor corresponding to force F z is given by
Six Integrals in the Compliance and Precision Equations
The six integrals used in the above closed-form equations are given as follows:
Stress Concentration Equations for Elliptical-ArcFillet Flexure Hinges
One of the main disadvantages of a flexure hinge is the high stress concentration which results in a low fatigue strength. It is always necessary to check the strength of the flexure designs during the design phase of flexure-based compliant mechanisms. Therefore, to evaluate the stress levels of flexure hinges is of practical importance. Considering that flexure hinges are mainly working under bending dominated loading states, reduced-order equations for evaluating the stress levels of elliptical-arc-fillet flexure hinges subject to pure bending are provided in the following text.
For an applied bending moment M z , the maximum stress at the notch region can be calculated as [21] 
where r nom is the nominal stress (also referred to as the reference stress) and K t is the stress concentration factor. K t can be calculated from Eq. (39) as
In this work, the finite element method (as will be discussed in detail in Sec. 7) was employed to solve for r max , which was then used to calculate K t based on Eq. (40). Figure 5 shows the finite element results of K t for several groups of flexure designs. Through a two-dimensional fitting of the results, a reduced-order expression of K t is obtained as
where c is defined as
and can be referred to as the slenderness ratio of a flexure hinge, g is the ellipticity of the elliptical-arc fillets and given as Eqs. (39) and (41) together can be used to evaluate the stress levels of elliptical-arc-fillet flexure hinges.
Verification of the Compliance and Precision Equations
We used both finite element method and experimentation to verify the compliance and precision equations derived above. The physical parameters and geometric parameters of thirteen flexure hinge designs (including elliptical-arc-fillet, elliptical-fillet, circular-fillet, elliptical, circular, right-circular-fillet, and right-circular flexure hinges) are given in Table 1 .
Finite Element Results.
We used the finite element software ANSYS to validate the generalized compliance and precision equations. The finite element model of each flexure hinge listed in Table 1 was generated using Solid72 elements. Solid72 is a fournode tetrahedral element with 6 degrees of freedom at each node, and is well suited to model irregular shapes and curved boundaries (e.g., flexure hinges) without much loss of accuracy. Table 1 , the compliance equations derived in this paper have the same results as the ones presented in Ref. [7] .
For the right-circular-fillet and right-circular flexure hinges (examples 9, 11, and 12), the precision equations for e x =F x and e y =M z have the same results as the ones developed by Lobontiu et al. [6] . However, the results for e y =F y are slightly larger than those calculated from the equations of Lobontiu et al. [6] . This is because we take shearing coefficient k into consideration in the derivation. The results for e y =F y with the shearing coefficient considered are more accurate compared to the finite element results.
Experimental Results.
Experimentation was used to verify the compliance factor a z =M z . Three flexure hinge samples were selected from Table 1 and machined by using Charmilles Robofil 2050TW wire electrodischarge machine (with low wire traveling speed), which has a profile error less than 1.5 lm. As discussed in Ref. [5] , the machining error of the minimum thickness is the major error source due to manufacturing. According to the machining process, the estimate error of the minimum thickness are within an error of 3 lm (1.5 lm on each side), i.e., 1.5% for the samples of thickness 0.2 mm. Accordingly, by assuming l ¼ L and a ¼ 0 (i.e., the flexure hinge becomes a leaf-type flexure), an approximate error of 64.4% for a z =M z is obtained according to Eq. (18), which can be a reasonable estimate for the experimental results due to manufacturing. Figure 9 shows one of the samples. The experimental setup proposed in Ref. [7] was used. The experimental results are summarized in Table 4 . The results are within 8 percent error compared to the analytical results in Table 2 . Table 1 Fig. 6 The finite element model for example 7 Table 2 Comparison of compliances between the finite element results (denoted by F) and the analytical results (denoted by C) 
Conclusion
This work presents a new class of flexure hinges, namely, elliptical-arc-fillet flexure hinges, which can serve as a generalized flexure hinge model for elliptical arc, circular-arc-fillet, elliptical- Fig. 7 The relative errors of the compliance factors between the analytical results and the finite element results shown in Table 2 (error 5 C=F -1) Fig. 8 The relative errors of the precision factors between the analytical results and the finite element results shown in Table 3 (error 5 C=F -1) fillet, elliptical, circular, circular-fillet, and right-circular flexure hinges. This model can be used as a complementary model for the generalized model of conic flexure hinges [18] . The closed-form equations for all the elements in the compliance and precision matrices of elliptical-arc-fillet flexure hinges have been derived. The equations for evaluating the strain energy and stress level for elliptical-arc-fillet flexure hinges are also provided. The analytical results are within 10 percent error compared to the finite element results and within 8 percent error compared to the experimental results.
